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|the angular radius of the caustic. When
the source crosses the caustic, the two images merge on
the critical curve (
E
) and disappear. We do not obtain
a tangential critical curve (TCC)|in other words, no
Einstein ring is possible and, accordingly, no tangential
arcs.
B. Scalar elds
With increased interest in string theory, scalar elds,
both minimally and conformally coupled to gravity, have
been the subject of intensive research in recent years.
Several possible astrophysical relevant features of scalar
elds have been described. Among them the so-called
`spontaneous scalarization' phenomenon [10], the scalar
eld origin of dark matter on galactic (e.g. [11]) and
cosmological scales (e.g. [12]), quintessence (e.g. [13]),
the possible existence of supermassive scalar objects in
centers of galaxies [14], and, nally, the scalar eld itself
acting as a gravitational lens [15, 17, 18].
One of the solutions to the Einstein-Massless Scalar
eld (EMS) equations derived for gravity minimally cou-
pled to a scalar eld is Janis-Newman-Winicour's (JNW)
[19]. It describes the exterior of a static, spherically sym-
metric, and singular, massive object, endowed with the
usual Schwarzschild massM and a so-called scalar charge
q|the signature of the conformal coupling of the mass-
less scalar eld with gravitation. The \scalar charge"
does not contribute to the total mass of the system, but it
does aect the curvature of the spacetime [16]. The JNW
solution also describes the space-time due to a naked sin-
gularity. The dierence between these two objects lies in
the value of a parameter b, which is dened as the cur-
vature singularity (b < r < 1, where r is the radial
coordinate of the JNW metric). When the radius of the
object is greater than b, the lens is extended, spherically
symmetric and static. When r = b, it is a naked singu-
larity [15].
The deection angle (up to the second order) for the






































+ : : : ;(3)
with m = GM=c
2




Another solution is an axially symmetric solution with
a scalar eld breaking the spherical symmetry, not the







































We express the lens equations for both lenses in terms
of R
sm
. For the JNW metric, the equation is
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 500 ; (7)
in both cases the equations reduce to




















is the Einstein scale (Eq. 2). In both cases it
was found that for the \very large" ratio of the scalar
charge to the mass (7) the lens forms two images of the
opposite parities on the same side of the source. As jj
decreases, the two images meet at the RCC, forming the
radial arc, and for any further decrease in jj there are
no images. There is no TCC (Einstein ring) for this case.
For \small" values of R
sm
the lensing is qualitatively sim-
ilar to the Schwarzschild lens. Even for smaller values of
R
sm
the qualitative behaviour of both scalar eld lenses is
similar; the quantitative dierences appear only for small
R
sm
(' 15) and for very small values of the image posi-
tion  (a few milliarcseconds), rendering the possibility
of distinguishing between dierent types of these lenses
nearly impossible.
C. Closed Universe with Antipodes
A recent renewed interest in closed universes followed







observations of high redshift supernovae are indeed con-
sistent with a mildly closed Universe ([20, 21]), though
the extreme closed model having antipodal redshift of
z
antipode
< 4:92 is ruled out [3].

























where  is the conformal radial coordinate, which takes
values in the interval 0    2 and is related to the
comoving radial coordinate r by r = sin. If D
A
(z) is



































) = (2n 1)=2, where n = 1; 2; : : :. These points are




, antipodal redshifts. The eect of the closed
geometry is to focus the light from any object in the op-
posite hemisphere.
Lensing in a universe with antipodes was rst described
in [22], and later, by Saini [23]. Consider the situation
of a source beyond the rst antipode and the lens much
closer than it, 0 < 
lens
<  < 
source
. In this case
D
S





be positive. This makes 
crit
negative and, hence, the
convergence,  = ()=
crit
< 0. We remind that ()











) is the critical density.
A point lens will still form two images of the background
sources, though they would be on the same side of the
lens, unlike the case of normal lensing when they straddle
the lens on either side. The lens equation for this case is






with the same angular scale as before (Eq. 2), and the so-














it is clear that no images are formed if  < 2
E
, and
outside this radius both the images are on the same side
of the lens. No Einstein ring can be formed: for  = 0
there is no solution.
III. DISCUSSION
In the three considered cases the reasons for the same
observable signatures are dierent. In the rst case, it is
due to the assumption of the negative sign of the mass
term and the corresponding negative sign of the deec-
tion angle. In the second case, the scalar charge has an
eective `negative' contribution to the space-time curva-
ture around the object. In that way, it is doing the same
job as the negative mass, deecting the light from it. Fi-
nally, in the third case, it is due to the negative sign of the
angular diameter distance, leading to the negative sign of
the convergence . To be more precise, the basic form of
lens equation is  =  r (), where the dimensionless
relativistic lens potential  satises the two-dimensional
Poisson equation  () = 2() (see, eg. [24]). Thus,
negative  leads to a lens equation of the form (11). The
question now is how to dierentiate among the dierent
possibilities if we actually see the eects of (11).
If we measure the redshift of the images, this could
help getting rid of the antipodes case. The fact that a
`normal' multiple imaged quasar exists at a redshift of
z = 4:92 indicates that if the putative system is at a
lower redshift, the case for the closed universe is ruled
FIG. 1: Lensing equation curves for the lens with the scalar
charge (solid lines) for four values of R
sm
and the negative
mass lens (dashed-dotted lines). Horizontal dot-dot-dashed












out (though, of course, not ruling out that we might, in
fact, live in a closed universe).
In Fig. 1 we compare the lensing equation curves for
the scalar eld lens with four dierent values of scalar
charge (solid lines) and a negative mass lens (dashed-
dotted line). The lens equation curves are symmetric
with respect to the origin; we label only the left part
of the scalar eld lens curves. The horizontal dot-dot-
dashed lines are the lines of a constant source position
and their intersection with the lensing curves shows the
positions and numbers of images. For a small value
of a scalar charge (R
sm
= 5) the lens behaves like a
Schwarzschild lens. Though the forms of the lens equa-
tions for these two cases are dierent, we can see from
the gure that with increased value of a scalar charge
(R
sm
 300), the curves become similar (the positive
term in Eq. 8 begins to dominate). The situation with
intermediate R
sm
values (and formation of two Einstein
rings) is very unstable and with a slight change of lens
system parameters (e.g. mass of the lens) quickly relaxes
in one of the two other cases. Thus, in order to mimic the
eect of an exotic lens, the scalar charge must be large.
However, it is not at all clear whether the value of the
scalar charge should be large or small.
For the case of negative mass objects, the lens will be,
most likely, not seen. We would rather expect the ex-
istence of compact objects of solar or sub-solar negative
mass, as opposed to larger structures whose eects are
4apparently absent from all deep elds images [9]. Then
we will not be able to see the images, but only to ob-
serve the microlensing light curves, and/or distinctive
chromaticity eects (see [25]).
Finally, not only gravitational lensing observations can
break this degeneracy. Forthcoming supernovae stud-
ies, might clearly distinguish between the dierent FRW
models. If we live in a at or open FRW universe, one
of the three cases herein treated disappears. Theoretical
investigations in GR and related areas might eventually
lead to the proof of the cosmic censorship conjecture, or
the energy conditions, and in that case, neither the JNW
solution with non-zero scalar charge nor exotic negative
mass lenses will be realized. As for the time being, we
can not neglect any of these theoretical situations and
the best way to attack the problem would be imposing di-
rect astrophysical bounds. The MOA group is currently
adapting their alert systems to take into account this
kind of exotic lensing [28]. Maybe great surprises await
to be discovered.
A number of dark lens candidates (quasar pairs with
no detectable lensing mass) have been reported in the
literature, and their true nature is still a matter of an
open vigorous debate [26]. Current attempts at solving
the problem by trying to t the existing candidates under
the lensing by empty dark matter halos do not work [27].
Dark lenses are expected to have very small magnica-
tion ratios and prominent third images. The majority of
current candidates have ux ratio that dier signicantly
from unity, and do not feature any third image. The ab-
sence of quads (four-image systems) makes the current
dark lens sample even more peculiar. The type of lenses
described here, with their image congurations (always
two images, albeit on one side of most probably invisible
lens), and magnication ratios (the ratio is much steeper
than for the equivalent ordinary lensing, seem to be an
interesting possibility for the dark lenses.
The considered cases might be not the only diverging
lens systems possible. According to the paper by Amen-
dola et al. [29], huge empty voids with radii larger than
100 h
 1
Mpc can be individually detected via diverging
weak lensing. Empty voids with radii 30 h
 1
Mpc, char-
acteristic of those seen in galaxy redshift surveys, have
a lensing signal to noise ratio smaller than unity. Fi-
nally, we note that we have considered only strong lensing
events, because it is only in this case that the degeneracy
is manifested.
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as the angular diame-
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